Abstract. We use semi-analytic modelling of the galaxy-cluster population and its strong lensing efficiency to explore how the expected abundance of large gravitational arcs on the sky depends on σ 8 . Our models take all effects into account that have been shown to affect strong cluster lensing substantially, in particular cluster asymmetry, substructure, merging, and variations in the central density concentrations. We show that the optical depth for long and thin arcs increases by approximately one order of magnitude when σ 8 increases from 0.7 to 0.9, owing to a constructive combination of several effects. Models with high σ 8 are also several orders of magnitude more efficient in producing arcs at intermediate and high redshifts. Finally, we use realistic source number counts to quantitatively predict the total number of arcs brighter than several magnitude limits in the R and I bands. We confirm that, while σ 8 ∼ 0.9 may come close to the known abundance of arcs, even σ 8 ∼ 0.8 falls short by almost an order of magnitude in reproducing known counts. We conclude that, should σ 8 ∼ 0.8 be confirmed, we would fail to understand the strong-lensing efficiency of the galaxy cluster population, and in particular the abundance of arcs in high-redshift clusters. We argue that early-dark energy or non-Gaussian density fluctuations may indicate one way out of this problem.
Introduction
After the 3-year WMAP data release (Spergel et al. 2007 ), the best-fit value for the normalisation of the density-fluctuation power spectrum was lowered from σ 8 ∼ 0.9 to σ 8 ∼ 0.75. This puts many of the cosmological tests based on structure formation under stress, such as the number counts of galaxy clusters and its evolution (Evrard et al. 2008; Rines et al. 2007) , the large-scale structure probed via weak gravitational lensing, and large optical surveys that tend to favour a value of σ 8 ∼ 0.9 as well (Hoekstra et al. 2006) . The value of σ 8 is perhaps the least well-known of the main cosmological parameters today. The controversy is highlighted by the fact that largely discrepant values of σ 8 are being published (Reiprich 2006; Evrard et al. 2008) At the same time, there are signs of convergence on a normalisation which may be compatible with most measurements of the amplitude of structures large enough for linear evolution to dominate. At σ 8 ∼ 0.8, CMB and gravitational-lensing measurements may meet after a slight increase in the mean redshift of the background sources used to identify the weak-lensing signal (Fu et al. 2008) . Some analyses of the X-ray cluster population also seem to find this value acceptable (Reiprich 2006) . Suppose, then, that σ 8 ∼ 0.8. We argue here that this exacerbates a problem with non-linear structure growth on the cluster scale to a level which seems serious despite considerable uncertainties. Specifically, we shall address the statistics ⋆ E-mail: cosimo.fedeli@unibo.it of gravitational arcs in galaxy clusters to show that none of the many possible explanations suggested in the past decade suffices to bring theoretical expectations into agreement even with the admittedly sparse observations.
We summarise the situation in Sect. 2 and compile some analytical results concerning model universes with different normalisation of the power spectrum in Sect. 3, in order to gain quantitative insight into the situation. In Sect. 4, we describe the semi-analytic modelling of lensing by the galaxy-cluster population. Section 4 summarises the results, and Sect. 5 presents our conclusions. There, we also discuss how our results comply with the new WMAP-5 data release Komatsu et al. 2008 ) which was published after this work was completed.
Is there an arc-statistics problem?
Comparing the observed abundance of gravitational arcs to the efficiency of numerically simulated galaxy clusters for strongly lensing distant galaxies, Bartelmann et al. (1998) claimed that about an order of magnitude fewer arcs are expected in the ΛCDM cosmology than are actually observed. This was called the arc-statistics problem. Numerous attempts were carried out to see how the problem could be solved. A corrugation of the lensing potential by individual cluster galaxies turned out to have a slight net effect on large arcs because the increased length of the caustic curves was counteracted by splitting arcs into shorter pieces (Flores et al. 2000; Meneghetti et al. 2000) .
Cluster asymmetry, however, was identified as crucial for the abundant formation of arcs (Bartelmann et al. 1995; Molikawa & Hattori 2001; Meneghetti et al. 2007 ). Simplified analytic cluster models were unable to reproduce the numerical results (Cooray 1999; Kaufmann & Straumann 2000) for two reasons; first, they did not account for the dependence of cluster concentrations on the cosmological constant; and second, simple elliptical cluster models were also found inadequate to quantitatively explain the arc-formation efficiency in numerically simulated models (Meneghetti et al. 2003b) . Lensing properties of numerically simulated galaxy clusters were found to agree well with those of comparable, real clusters (Horesh et al. 2005) .
Based on numerical simulations, Wambsganss et al. (2004) found that the probability for high magnifications along light rays propagating to us from sources in the distant Universe depends steeply on the source redshift distribution. Based on this result, they concluded that there is in fact no arc-statistics problem if the realistically distant tail of the source distribution is taken into account. However, their identification of highly magnified light bundles with strongly distorted arcs was questioned by Li et al. (2005) , who showed that at least numerically simulated clusters produce a class of highly magnified, but weakly distorted images. In particular, numerical simulations show that the most likely length-to-width ratio for arcs magnified by a factor ≥ 10 is typically ∼ 3 (see also Figure 9 below). High magnification probability does therefore not imply a frequent occurrence of strongly distorted arcs. Identifying arcs in simulations, the redshift dependence found by Wambsganss et al. (2004) was qualitatively confirmed, but quantitatively found to be substantially weaker (Li et al. 2005; Fedeli et al. 2006) .
The arc-statistics problem was again questioned by Dalal et al. (2004) , who used numerical simulations to confirm the overall optical depth found by Bartelmann et al. (1998) , but found agreement between the observed and expected numbers of arcs because they estimated a lower abundance of observed arcs and a higher number density of background sources. They took the source-redshift distribution into account, but found it weaker than Wambsganss et al. (2004) had claimed.
The problem did not disappear, however, because it was observationally found that in particular the number of arcs in distant clusters is considerably higher than naively expected (Thompson et al. 2001; Gladders et al. 2003; Zaritsky & Gonzalez 2003) . Oguri et al. (2003) studied the effect of central concentration and triaxiality of cluster-sized halos on their strong-lensing ability, finding that triaxial clusters with sufficiently steep central density profile can come close to the observed results. While this effect is undoubtedly present, it is also included in numerically simulated clusters and does thus not attenuate the apparent discrepancy between the arc abundances observed in the sky and produced in realistically simulated cluster populations.
So, is there an arc-statistics problem? Based on the preceding discussion, the question still seems undecided. However, it is important to note that up to this point, all simulations and calculations were done assuming 0.9 ≤ σ 8 ≤ 1.2. Li et al. (2006) pointed out that the problem is substantially aggravated if σ 8 is lowered to the value preferred by the third-year WMAP data analysis, σ 8 = 0.74 (Spergel et al. 2007 ). Li et al. (2006) found that the expected abundance of large arcs on the sky drops very steeply if σ 8 is lowered, reflecting the exponential decrease of the abundance of massive clusters with σ 2 8 . Motivated by this earlier study, in which numerical simulations with two different values of σ 8 were compared, we shall investigate in this paper how the number of gravitational arcs predicted in a standard cosmological model changes with σ 8 , and how the results compare with the observed statistics. Such a study is possible only because we can replace numerical simulations by semi-analytic calculations using a novel algorithm developed by Fedeli et al. (2006) . The method captures two ingredients crucially important for strong cluster lensing: cluster asymmetries and cluster mergers (Torri et al. 2004) , which were found to have transient, but strong effects on arc cross sections (Fedeli et al. 2006) . We also properly account for a realistic source redshift distribution and the luminosity function of background sources. The contribution of cD galaxies is ignored. Meneghetti et al. (2003a) showed that the cross section for giant arcs of numerical clusters is increased by 50% when a realistic cD model is included, and this does not significantly alter our conclusions. In addition, the same paper shows that the boosting effect of a massive central galaxy is much reduced when the host model cluster is asymmetric, as those used here. We also neglect the effects of gas physics, which are potentially important in cluster cores. Puchwein et al. (2005) have shown that, depending on the physical effects included into the modelling, the lensing cross section of individual clusters can be increased by 100% due to the presence of baryonic matter. Wambsganss et al. (2008) implemented a specific model describing baryon cooling and galaxy formation in the core of cluster-sized dark matter halos, finding an increase in the production of arcs of ∼ 25%. Hilbert et al. (2008) (see also Hilbert et al. 2007 ) performed a very similar study on the effect of the stellar component on optical depths for image splitting in the Millennium Simulation, finding results compatible with earlier analyses (Meneghetti et al. 2000) . Although baryonic physics may increase strong-lensing cross sections, it is not expected to bridge the order-of-magnitude gap between theory and expectations, although the uncertainties in the modelling are admittedly substantial.
We shall consider five different cosmological models. The energy density content and the Hubble constant are taken from the WMAP-3 data combined with the SDSS observations (Spergel et al. 2007) , and kept fixed throughout the paper. They are Ω m,0 = 0.265, Ω Λ,0 = 0.735 and h = 0.71. The values of σ 8 are chosen differently for the five models and are 0.7, 0.75, 0.8, 0.85 and 0.9 respectively. This choice allows us to cover the complete range of values from the third-year WMAP data to normalisation values derived from galaxy-cluster counts. Typical degeneracies among different cosmological parameters imply that changes in σ 8 would cause Ω m,0 and possibly other parameters to change, depending on the data set underlying the parameter determination. However, since the main purpose of this work is to isolate the impact of the power-spectrum normalization on arc statistics, we choose to keep everything fixed except σ 8 . We shall discuss the effect of relaxing this assumption in the last section of the paper. 
Expectations
We need theoretical predictions of the arc abundance which are at the same time as precise as possible and fast to achieve because they need to be carried out in many cosmological models. We first try to gain some insight into the various contributions to the arc optical depth, its dependence on and its variation with the normalisation of the power spectrum. We start with the internal structure of dark matter halos that, as described in a variety of studies (Cole & Lacey 1996; Navarro et al. 1997; Jing 2000; Bullock et al. 2001; Eke et al. 2001) , depends on the complete halo formation history. Assuming that the density profile of cluster-sized dark matter halos is of NFW form (Navarro et al. 1995 (Navarro et al. , 1996 (Navarro et al. , 1997 , we first explore how the concentration of the profile depends on σ 8 . The concentration of a dark matter halo is the ratio of the virial radius to the scale radius r s of the density profile. Here we define the virial radius as the radius of the sphere inside which the average density of the halo is 200 times the critical density of the Universe at the given redshift. This radius separates well the internal, relaxed part of isolated galaxy clusters in numerical simulations from the external, infall part (Eke et al. 1998) . We expect that higher σ 8 allows earlier structure formation, such that halos form from a higher background density and have more time to relax, causing higher concentrations.
This expectation is verified in the left panel of Figure 1 , where the halo concentration as obtained from the prescription by Eke et al. (2001) is shown as a function of halo mass at fixed redshift z = 0.3, typical for strongly lensing clusters. Apart from the well-known decrease of concentration with halo mass, the figure shows that the concentration tends to increase with the normalisation. For example, the concentration of a clustersized dark-matter halo of M = 10 15 M ⊙ h −1 increases by ∼ 40% when σ 8 is increased from 0.7 to 0.9. This fact alone may significantly affect arc statistics, because more compact cluster cores push the critical curves and caustics outwards, thus increasing their strong-lensing cross sections. Figure 3 , the merger rate is the probability for a dark-matter halo to merge with a substructure per unit logarithm of the merging mass and per unit logarithmic time.
According to Eke et al. (2001) , the collapse redshift z c of a halo of mass M is implicitly given by
where D + is the linear growth factor for density fluctuations, normalised to unity at present, and M s is the mass contained within the radius of maximum circular velocity for the NFW density profile, 2.17r s . The rms density fluctuation σ(M) is taken at the linear scale corresponding to M, and C = 28 is a dimensionless constant calibrated against N-body simulations by Eke et al. (2001) . Evidently, higher σ 8 implies a lower growth factor at collapse redshift in equation (1), hence a higher collapse redshift. We show the collapse redshift for dark matter halos of different mass at redshift zero as a function of the σ 8 in the right panel of Figure 1 .
Alternative prescriptions for the computation of halo concentrations exist, but affect arc statistics only mildly. For instance, Fedeli et al. (2007) showed that the Navarro et al. (1997) and Bullock et al. (2001) recipes overestimate and underestimate respectively the cross section for giant arcs by a factor of ∼ 2 with respect to the Eke et al. (2001) prescription. However the latter is probably the most general and physically best motivated. It turned out to reproduce halo concentrations in a variety of cosmologies, including those with dynamical dark energy (Dolag et al. 2004) .
Next, we analyse the halo mass function and the merger rate. Figures 2 and 3 show the Press & Schechter (1974) mass function and the merger rate (Lacey & Cole 1993 at fixed redshift as a function of mass, and at fixed mass as a function of redshift, respectively. We neglect the improvements (Jenkins et al. 2001; Sheth & Tormen 2002; Warren et al. 2006 ) of the mass function here because we only mean to illustrate the differences between different normalisations. The behaviour of the mass function is quite obvious. Higher normalisation gives rise to more structures at a given redshift. This is particularly evident at the high-mass end where the mass function depends exponentially on σ 2 8 . At the massive cluster scale, the mass function can vary by orders of magnitude as σ 8 is varied.
The behaviour of the merger rate may be less obvious. It is larger for higher σ 8 if the mass of the main halo is large and the mass of the secondary halo is a considerable fraction of it. These are rare events because massive structures (and substructures) are rare. On the other hand, substructures much less massive than the main halo merge at a lower rate in highly normalised models. Because of the much higher abundance of low-mass halos, we expect mergers with low-mass substructures to be equally or even more frequent in models with lower σ 8 , at least in the redshift interval relevant for our purposes. Since strong cluster lensing is highly sensitive to asymmetries and external perturbations, more merger events will further increase the strong-lensing cross sections.
Observed strong-lensing clusters frequently show substructures. While this could introduce a bias on the observational side, the study we shall refer to in this work is based on Xray selected clusters (Le Fèvre et al. 1994 ). An investigation of the possible selection effects introduced by this fact, accounting for the boosting effect that cluster mergers have on both the lensing efficiency and the X-ray luminosity, is reported in Fedeli & Bartelmann (2007b) . We are preparing a study of the strong-lensing properties of merging clusters in a large cosmological simulation.
The larger number-density of halos, their higher concentrations and the modified merger activity with increasing σ 8 will all combine to make the strong-lensing optical depth depend sensitively on the normalisation. It will be critically important for precise predictions to include the effect of mergers into the calculation. We shall now present our results, confirming these expectations.
Cluster population
To produce realistic models of the cluster population without time-consuming numerical simulations, we adopt the extended Press-Schechter formalism (Press & Schechter 1974; Bond et al. 1991; Lacey & Cole 1993) to construct merger and formation histories for a set of N = 1, 000 dark-matter halos for each model universe. Examples for the application of this procedure are given in Randall et al. (2002) and Fedeli & Bartelmann (2007a) , among others.
To cover the mass range relevant for strong cluster lensing, we draw the dark-matter halos uniformely from the mass interval between 10
14 M ⊙ h −1 and 2.5 × 10 15 M ⊙ h −1 at redshift z = 0. Each object is then evolved backwards in time in suitably chosen discrete time steps. Lensing by each dark-matter halo at each redshift step is modelled using a NFW density profile whose lensing potential is elliptically deformed with an ellipticity of ǫ = 0.3. This value was shown to give the best agreement with deflection angle maps of realistic simulated clusters (Meneghetti et al. 2003b) .
The transient boost of the strong-lensing efficiency due to cluster mergers is taken into account by modelling the merging substructures also as elliptical NFW lenses. Each time a main cluster halo undergoes a merger with a substructure having more than 5% of its mass, the encounter is modelled assuming that the two halos approach at a constant velocity starting from a distance equal to the sum of their virial radii, and assuming that the merger proceeds at the gravitational free-fall time.
Given the deflection-angle maps for each model cluster at each redshift, we compute the strong-lensing cross section for arcs with length-to-width ratio d ≥ 7.5 and d ≥ 10. Source redshifts were drawn randomly from the distribution (Smail et al. 1995) , with z 0 = 1 and β = 3/2. The distribution peaks at z ∼ 1.2, implying that objects at z ≃ 0.3 − 0.5 are the most efficient lenses. Model clusters were evolved backwards in time up to the source redshift. Photometric redshifts measured for recent wide-area surveys (Ilbert et al. 2006; Semboloni et al. 2006) favour somewhat different values for the parameters of equation (2) or even a different functional form for the redshift distribution, implying a peak at z 0.7. While such distributions would be significantly less efficient in producing large amounts of long and thin arcs, it is likely that these wide surveys are not deep enough to capture the complete source population relevant for the production of strong-lensing features. This is suggested by the high measured redshifts of many giant arcs in galaxy clusters (see e.g. Elíasdóttir et al. 2007 for a recent example).
We compute the lensing cross sections by means of the semi-analytic prescription by Fedeli et al. (2006) instead of costly ray-tracing simulations. The method consists of integrating the inverse magnification along critical curves over an area determined by the locally linearised lens mapping. In particular, the area is defined by the condition |λ r /λ t | ≥ d, where λ r and λ t are the (radial and tangential) eigenvalues of the lensing Jacobian matrix. Finite source size is accounted for by convolving the lens properties with functions standing for circular background galaxies with 0.5" radius, and source ellipticity is included in the computation by using the formalism developed by Keeton (2001) . Further detail is given in Fedeli et al. (2006) .
Having computed the strong-lensing cross section of each individual cluster at each redshift step, we can compute the differential optical depth per unit redshift dτ d /dz. As mentioned, we use the common thresholds d = 7.5 and d = 10 for the length-to-width ratio, but show results for only one of them if the predictions have similar behavior. Since the cluster population is represented by a discrete set of objects,
where D s,i is the angular-diameter distance to the source sphere of the i-th cluster, and n(M, z) is the number of structures with mass within M and M+dM, and redshift within z and z+dz. The masses M i are assumed to be in ascending order, M i+1 ≥ M i for all i. Since source redshifts are assigned randomly to each cluster in our synthetic sample, the weighting with the redshift distribution is implicitely included in the calculation. The integral over the lens redshift of equation (3) is the average optical depth. After multiplication with the total number of available sources in the sky, it yields the total number of gravitational arcs with length-to-width ratio ≥ d,
It should be noted that the integral on the r.h.s. of equation (4) cannot extend to infinity for our discrete cluster sample, but only to a finite value z max where the probability of finding sources according to the adopted redshift distribution equation (2) is negligible. We adopted z max = 7.5 (see also the discussion in Fedeli & Bartelmann 2007a). Figure 4 illustrates the strong-lensing effects of our synthetic cluster population. It shows the optical depth per unit redshift given by equation (3), computed for the five different normalisations σ 8 analysed here. We also show the change in optical depths caused by cluster mergers. Lines are drawn only for one of our choices of the length-to-width threshold for gravitational arcs, namely d = 7.5. Differential optical depths for d = 10 are slightly smaller, but the qualitative behavior is unchanged. As anticipated in Sect. 3, the optical depth per unit redshift increases substantially with σ 8 because more halos with more concentrated mass distributions exist as σ 8 increases. This difference is particularly strong at high redshifts, z 1, where the lensing efficiency is still significant for σ 8 = 0.9 while being negligible for σ 8 = 0.7. In this sense, a higher normalisation is degenerate with the introduction of an early-dark energy component (see the discussion in Fedeli & Bartelmann 2007a,b) . Figure 5 shows the total optical depth according to equation (4), i.e. the integral over each of the curves shown in Figure 4 , for five values of σ 8 , either including or neglecting cluster mergers. There is more than one order of magnitude difference between the model with lowest and the highest normalisations, σ 8 = 0.7 and σ 8 = 0.9, independent of whether cluster mergers are included. This high sensitivity of the expected number of arcs on σ 8 has important consequences for the arc statistics problem, as will be discussed in detail in Sect. 6. Figure 5 also shows that mergers are more important when σ 8 is low. This is emphasised in Figure 6 , which shows the ratio between the total optical depth obtained including and neglecting cluster mergers. Evidently, dynamical activity enhances the optical depth by a factor 5 if σ 8 is low, and by a factor 3 when σ 8 is high. This confirms results obtained earlier by Fedeli & Bartelmann (2007a) . We also note that the effect of mergers is high for more extreme arcs, d ≥ 10. This is because the individual cross sections are smaller in this case and therefore relatively more sensitive to perturbations.
Results

Optical Depth
It is also highly interesting to see how the strong-lensing efficiency of clusters at high redshift changes with σ 8 . This is particularly relevant in view of the apparent unexpectedly high incidence of gravitational arcs in distant galaxy clusters (Gladders et al. 2003; Zaritsky & Gonzalez 2003) . We quantify this by means of the cumulative optical depth
contributed by clusters above redshift z (the upper integration limit is set to z max = 7.5 here as well). Figure 7 shows C d (z) for different normalisations σ 8 relative to C d (z) for σ 8 = 0.7, including and neglecting mergers. This ratio is virtually independent of the length-to-width threshold, so we show it for d ≥ 10 only.
The relative contribution to the optical depth increases towards high redshifts for all models with σ 8 > 0.7. The increase is higher when mergers are ignored (∼ 3 instead of ∼ 2 orders of magnitude) because the relative effect of mergers decreases as unperturbed clusters by themselves become stronger lenses. The main conclusion is that high σ 8 makes gravitational arcs at high redshift extremely more likely. Conversely, this means that arcs in distant clusters are a massive problem for models with low σ 8 .
Number of Arcs
We now need to transform our predictions for the optical depth, including mergers and a realistic source redshift distribution, into predictions for the numbers of observable arcs on the sky. To do this, it suffices in principle to multiply the average optical depthτ d with the total number of sources in the sky, according to equation (4).
However, it is necessary to include a luminosity function for the faint blue background galaxy population into the calculation and to account for the magnification effect due to gravitational lensing. The latter has a twofold impact on the observed source counts. First, faint sources are magnified above the flux threshold for detection, thus increasing the number of sources visible per unit solid angle. Second, the sky is locally stretched, thus reducing the number density of the source galaxies. If the original flux distribution function of the sources is a power law with logarithmic slope −1, then the two effects of flux magnification and number dilution cancel, leaving the number of observed sources per unit solid angle unchanged (Bartelmann & Schneider 2001) .
We model the number counts of faint background galaxies as a function of the observed apparent magnitude to match the measurements of Casertano et al. (2000) 
with the best-fit parameters a = 0.30, b = 0.56, m I,1 = 20 and n 0, * = 3 × 10 3 per square degree and per unit magnitude. Since these number counts are given in the I-band only, we convert them to the R-band by using the approximate relation R ≃ I + 1. In Figure 8 the colour R − I is shown as a function of redshift for different morphological types of galaxy. Since galaxies imaged as long and thin arcs are usually blue spirals (see Tyson & Seitzer 1988; Ellis 1997) , R−I ∼ 1 approximately holds over the redshift range z 1.7. However, also adopting the relation R − I ∼ 0.5, which holds better at higher redshift, the magnified number counts (see below) change by less than 50%, which is irrelevant given the uncertainties in the original galaxy counts (Casertano et al. 2000) . We thus conclude that the approximation R ≃ I + 1 is admittedly rough, but sufficient for our purposes. Figure 9 shows the conditional probability distribution for the magnification of background sources given the length-towidth threshold for the imaged arcs. The results shown are obtained from fully numerical ray-tracing simulations, to which we fit two-component Gaussians for both thresholds d = 7.5 and d = 10. The two-component Gaussian is
with µ + ≡ |µ|. The best-fit parameters A, σ i and µ +,i are summarised in Tab. 1 for both d = 7.5 and d = 10. Obviously, the magnification is not a good estimator for the length-to width ratio of an image, especially when high length-to-width thresholds are used. The original number counts read off Casertano et al. (2000) are thus convolved with the conditional probability distribution for arcs with thresholds d = 7.5 and d = 10 to obtain the number counts after the magnification bias. Let n 0 (F) be the original flux distribution function for the sources, that is the number of sources per unit solid angle contained in the unit flux inter- Fig. 8 . The R−I colour as a function of redshift, computed from the spectra of three different morphological types of spirals and for elliptical galaxies, as labelled in the plot. val around F. It corresponds to the magnitude distribution of equation (6) with the magnitude replaced by the flux. Then the magnified distribution is
The magnified number counts can then simply be multiplied with the average optical depth to find the total number of arcs. Figure 10 shows the total number of arcs with lengthto-width ratio d ≥ 7.5 and d ≥ 10 predicted to be observable on the whole sky as a function of σ 8 . Results are shown for three different limiting magnitudes in both the I and R bands. Arc surveys in X-ray selected cluster samples focused in the past on giant arcs, i.e. arcs with length-to-width ratio d ≥ 10 and R-band magnitudes less than R lim = 21.5, finding ∼ 10 3 such arcs extrapolated to the whole sky (Le Fèvre et al. 1994; Bartelmann et al. 1998 ).
The numbers given in Figure 10 clearly show how the prediction falls short of the observation for all values of σ 8 considered here, including σ 8 = 0.9. In the latter case, however, the difference is only a factor of ∼ 2 and can possibly be accommodated including minor contributions due to cluster galaxies (Meneghetti et al. 2000; Flores et al. 2000) or a slightly different parametrisation for the source-redshift distribution. Much progress has been made since the first prediction by Bartelmann et al. (1998) , which is also included in the Figure. However, if σ 8 is close to the value inferred from the WMAP-3 data, all this progress could not alleviate the arc statistics problem: with σ 8 ∼ 0.75, the predicted number of arcs still falls about one order of magnitude below the observed number. Should σ 8 ∼ 0.8 persist, there is still a factor ∼ 6.5 between the prediction and the observation. Table 1 . Parameters for the two-component Gaussian fit to the conditional probability distribution for magnification given a threshold d for the length-to-width ratio of simulated gravitational arcs. For completeness, we repeat the calculation of the optical depth for arcs with length-to-width ratio d ≥ 10 including the scatter in the relation between the mass and the concentration of each dark-matter halo in the population. The procedure used is the same as described in Fedeli et al. (2007) , to which we refer for details. We just recall that the distribution of concentrations around the nominal value for a given halo mass is well fitted by a log-normal distribution with a rms of σ c ∼ 0.2 (Jing 2000) . It was shown in Fedeli et al. (2007) that the scatter in the mass-concentration relation may increase the total, average optical depth by up to 40 − 50%. It was also shown there that additional effects like the dependence of the concentration on the triaxiality of the dark-matter halos and the distribution of projected ellipticities due to the triaxiality itself do not introduce any additional bias into these results. Figure 11 shows the number of arcs with length-to-width ratio d ≥ 10 predicted to be observed in a ΛCDM cosmological model as a function of σ 8 , accounting for cluster mergers, with and without the inclusion of the scatter in the halo concentration. To keep the plot readable, we only show results for a limiting magnitude of 21.5 in both the I and R bands. The scatter in the mass-concentration relation increases the number of arcs by ∼ 70% for σ 8 = 0.7, and only of ∼ 20% for σ 8 = 0.9. This decrease is due to the fact that the concentration increases with σ 8 , reducing the relative effect of fluctuations around the nominal value. On the whole, the scatter in the halo concentrations does not help much in improving the agreement with observations: models with high σ 8 still fall short by a factor ∼ 2, and models with low σ 8 are still an order of magnitude off.
Summary and Discussion
We have computed the optical depth, differential optical depth and total number of gravitational arcs with length-to-width ratios d ≥ 7.5 and d ≥ 10 expected in model universes with five different normalisations σ 8 . The values for the matter and darkenergy density parameters as well as for the Hubble constant were taken from the 3-year data release of the WMAP satellite, while σ 8 is taken from the set {0. 7, 0.75, 0.8, 0.85, 0.9} .
The cluster population is modelled planting Monte-Carlo merger trees for a set of N = 1, 000 dark-matter halos, uniformly drawn at z = 0 from the mass range 10 14 , 2.5 × 10 15 M ⊙ h −1 . Each halo is assumed to have an NFW density profile and elliptically distorted lensing potentials, with ellipticity ǫ = 0.3. The effect on the strong lensing efficiency of the interaction with substructures is also taken into account as described in Sect. 4. Background sources are properly distributed in redshift following to the observed distribution of equation (2).
We converted the average optical depth into an observed number of gravitational arcs using an appropriate flux distribution function for background sources, taking the magnification bias into account. We considered three different limiting magnitudes in both the I and R bands, including the Rband limit set by observational studies Luppino et al. 1999) . as a green shaded area, to be compared with the lowest red curve. Moreover, the filled black and red points represent the original result of Bartelmann et al. (1998) (in the I and R bands, respectively), rescaled to the source number counts used in this work.
Confirming straightforward expectations, we find that the total strong-lensing efficiency grows steeply with σ 8 . We find that the number of arcs observable in a cosmological model with σ 8 = 0.7 is up to one order of magnitude below the number of arcs when σ 8 = 0.9.
The effect of cluster mergers also depends on cosmology. Mergers with relatively small substructures are more likely in a low-σ 8 universe, in which individual galaxy clusters are also less efficient lenses because of their lower concentration, thus causing the effect of mergers to become more pronounced. Cluster mergers increase the total optical depth by up to a factor of ∼ 5 in a model with σ 8 = 0.7 and by a factor of ∼ 2 to 3 in a model with σ 8 = 0.9.
A particularly strong effect is that the differential optical depth at z 1 for low σ 8 can be up to several orders of magnitude smaller than for high σ 8 . This causes a severe problem for explaining the high observed incidence of large arcs in high redshift clusters if σ 8 is as low as inferred from the WMAP-3 data. Models with low σ 8 also significantly fail to reproduce the number of arcs observed in complete, X-ray selected galaxy clusters samples. For high σ 8 0.9, agreement with the observations can be achieved. Thus, we conclude that the arc statistics problem is unsolved based on the WMAP-3 parameters even if a suitable source redshift distribution is included and cluster mergers are taken into account.
We also included the scatter in the relation between halo mass and concentration in our calculation, similarly to Fedeli et al. (2007) . This increases the total lensing efficiency only slightly, by about 20% for high σ 8 and by ∼ 70% for low σ 8 . An increment by a factor of ∼ 2 may be contributed by the inclusion of finer details of the cluster structure, like the dark matter halos of single member galaxies (Meneghetti et al. 2000; Flores et al. 2000) . The order of magnitude discrepancy revealed by models with low σ 8 would however persist.
We mention that, as we verified, increasing the matter density parameter above the fiducial value Ω m,0 = 0.265 used here, and keeping the flat universe assumption, increases the abundance of observed giant arcs. This is due to the fact that a higher Ω m,0 implies a larger cluster abundance today, and even though the evolution of the cluster population is faster due to the minor contribution of the cosmological constant, this is not enough to counteract the effect in the redshift range important for strong lensing. For instance, a WMAP-1 cosmology with σ 8 = 0.9 and Ω m,0 = 0.3 increases the number of arcs with respect to the values reported in Figure 10 for σ 8 = 0.9, but only of ∼ 60%. On the other hand, if σ 8 = 0.8 is fixed, the model results can be brought in agreement with the observations only with unrealistically high values of Ω m,0 0.4. A study of the effect on arcs statistics of the combined variation of σ 8 and Ω m,0 , for instance following the degeneracy direction given by some cosmological test, is beyond the scope of this work, but is certainly interesting for future analysis.
Some comments regarding the choice of our general assumption that dark-matter halos have NFW density profiles may be in order. Recent publications (Navarro et al. 2004; Prada et al. 2006; Merritt et al. 2006; Gao et al. 2007 ) have pointed out that the NFW profile is indeed not the best possible representation of dark-matter halo profiles found in highresolution N-body simulations. This is mainly because the concentrations found depend on the actual radial range used for Fig. 11 . The number of arcs with length-to-width ratio d ≥ 10 and magnitude ≤ 21.5 predicted to be observable in a ΛCDM universe as a function of σ 8 , taking cluster mergers into account. Black solid curves refer to I-band, red dot-dashed curves to R-band magnitudes. The higher curve of each pair contains the scatter in the relation between halo masses and concentrations, while the lower ones are reproduced from Figure 10 . Again, the green shaded area shows the observational result.
profile fitting. According to Merritt et al. (2006) , the Einasto (1965) profile yields better fits, originally proposed to model the distribution of stars in the Milky Way. The same authors show that the original NFW prescription for relating the concentration and the virial mass of a dark matter halo works better than the subsequent extensions by Bullock et al. (2001) and Eke et al. (2001) , even though it must be recalled that they refer to the concentrations relative to the scale radius of the Einasto profile. However, the Eke et al. (2001) prescription used here is still a reasonable fit to the mass-concentration relation shown by Gao et al. (2007) at z ∼ 1, and since there are only a handful of efficient clusters at redshifts significantly larger than unity even in models with high σ 8 , we believe this to be a sound approximation.
There are two possible ways of looking at the consequence of the results obtained here. Either, the normalisation is high, σ 8 0.9, and the low value derived from the WMAP data is spurious because of some problem hidden in the data-reduction process or in the Galactic foregrounds (de Zotti et al. 2004; Cruz et al. 2006) . Or, and most likely, the actual σ 8 is in fact low, as recent weak-lensing measurements seem to confirm (Fu et al. 2008 ), but we fail to properly understand some part of galaxy-cluster physics affecting both the number counts and the relative strong-lensing properties of galaxy clusters.
After the submission of this paper, the five-year data release of the WMAP satellite was made available. There, the value of the matter density parameter slightly increased with respect to Fig. 12 . The number of arcs predicted in two examples of cosmological models with early-dark energy, chosen such as to agree with CMB, supernovae and large-scale structure data. In such models, observational constraints (shown here as the green vertical bar) are easily met even with low σ 8 . Additional details on the EDE models presented here can be found in Fedeli & Bartelmann (2007a) the WMAP-3 release, to the best fit Ω m,0 = 0.279 (when CMB data are combined with distance measures from Ia-type supernovae and baryon acoustic oscillations). The power-spectrum normalization also increased to σ 8 = 0.817, while the error bars decreased (0.026 at 68% confidence level for WMAP-5). As mentioned above, we expect this slight increase in the matter density parameter to be insignificant for our results. On the other hand, with σ 8 ∼ 0.8, the discrepancy between the model predictions and the observations is reduced to a factor of > 6. This is less than the discrepancy with WMAP-3 data, but still cannot be accommodated by known contributions. For instance, different kinds of baryonic physics can increase the cluster cross sections of 100%. In addition, the arc abundance observed in an X-ray selected cluster sample is only a fraction of the total one (Fedeli & Bartelmann 2007b ). This effect is not included in the present work, and is likely to worsen the agreement with theoretical studies.
Regarding the abundance of arcs in high-redshift clusters (see Figure 7) , a value of σ 8 ∼ 0.8 gives many more distant arcs compared to a model with σ 8 = 0.7−0.75, even though a factor of ∼ 3 discrepancy compared to high-normalisation models is still present. Hence, the high incidence of distant arcs remains a problem for a WMAP-5 cosmology, even more than it was for a high-normalisation WMAP-1 model.
In conclusion, the newest WMAP data do not remove the discrepancy between theory and observations for the statistics of giant arcs, even though it is somewhat reduced with the new parameter values. A way out may be possible in presence of a dynamical dark energy component, cf. Figure 12 . As shown in Fedeli & Bartelmann (2007a) , the presence of early-dark energy (EDE briefly) can play the role of an increased σ 8 on non-linear scales because it tends to shift the entire structureformation process to earlier times . Consequently, the production of gravitational arcs, and in particular the lensing efficiency for high-redshift clusters, are significantly increased. Alternatively, non-Gaussian density fluctuations may have similarly strong and positive effects (Grossi et al. 2007 ; See also Mathis et al. 2004; Sadeh et al. 2007 ). Future studies directed at the recovery of a possible redshift evolution of the dark-energy density will be fundamentally important also in this context (Bartelmann et al. 2003; Meneghetti et al. 2005a,b) . Forthcoming analyses of the arc statistics problem also require a substantial increase of the observational data basis, which will be enabled by large-scale optical or infrared surveys in conjunction with fast algorithms for automatic arc detection (Lenzen et al. 2004; Horesh et al. 2005; Cabanac et al. 2007; Seidel & Bartelmann 2007) .
